An Evaluation of a Monte Carlo Markov Chain Method for the Statistical Analysis of GPS Time Series
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Abstract

One_ of the (_)bjectives of TIGA Is to compute preci_se station coordinates and vel_ocities for GPS We have analyzed 10 stations from the Bﬂ@?&‘ﬂ'gn DF?; ///"/ \\ \ R
statlons of m_terest._ Co_nseque_ntly, a_comprehenswe kr_lowlec_lge qf the stochastic featu_res of the oroducts with CATS! and MCMC? software in order to / ? /CR T S N% \ \
GPS time series noise IS crucilal, as It affect_s the velocity estlmathn for each GPS st_atlon. For obtain parameters such as the rate, the intercept and }GU;‘ »'.T ‘ \ {‘ isC i,pmo. \
that, we present a Monte Cz_irlo Markov Chain (MCI\_/IC)_method_to S|mu_ltaneo_usly estimate the the amplitudes of annual and semi-annual signals. In \ ‘ /\K T wal N /
velocities and the st(_)ch_astlc param_eters of the noise In GPS time series. This method allows to both analysis it has been assumed that the noise signal R 4 p 7| g py

get a sa_mple of the !Ike|lh00d functlon_and thereby, using Monte Carlo integration, all parameters is composed by time-correlated (coloured) and random NERE (R vy /D'UM{/Z
and their uncertainties are estimated S|_multaneo_us_ly. _ | (white) noise. We have estimated the spectral index . ey

We propose th_ls method as an alterr_latlve to optlmlzatlon _methods, such as the Maximum and the power amplitudes of both noise components

I__|ke_I|hood Estimator (MLE) method |mpl_emented In the Wldely L_Jsed CATS softyvare, whene_ve_r the simultaneously with the aforementioned parameters. Fiqure 1. Selected GPS stations
likelihood and the parameters of the noise are to be estimated in order to obtain more realistic Both methods estimate similar rates but as MCMC from the BIGF

uncertainties for all parameters involved. Furthermore, we assess the MCMC method through
comparison with the widely used CATS software using daily height time series from the British
Isles continuous GNSS Facility (BIGF) level 2 products.

estimates the uncertainty associated to the spectral
iIndex (whereas CATS does not) the uncertainties for
the parameters are different.

The MCMC algorithm

Maximum Likelihood Estimator Monte Carlo Markov Chain (MCMC)

The likelihood of getting the observational data given A Metropolis-Hasting algorithm is used to get a sample of the a posteriori distribution that, according 1) Compute the likelihood at 6;,1.e. L; = L(y|6;).

- - . to Bayes Theorem, is related to the Likelihood: 2) Take a random step In parameter space to
some parameters is defined as: obtain a new value for the parameter 6;,,. The
) 1 L A1y _ L(y|8)P(®) probability distribution of the step Is taken to be
LW|9) = =77 e 209 CTI-) P(0]y) = P(y) Gaussian centered over 6; with variance ay.
(2m)™ 72| C] 3) Compute L, ;.
where, P(é) and P(y) are the a priori distributions of the estimated parameters and the data. 4 If L;.,1/L; > 1, take the step, i.e. save the new

y . Observational data
y : Model data
6 : Parameter
C : Covariance matrix

Concerning the parameters we have chosen an uniform distribution for them, whereas it is not set of parameters 6;,; and L;;; as part of the
necessary to know P(y) for our algorithm. Thus the MCMC method provides histograms for all chain, then go to step 2 after the substitution
parameters (including the spectral index) and cross-correlation between these can be easily 6; = 0;4,.

visualized with 2D histograms. An example is given in Fig. 2 where histograms for the spectral index 5) If L;41/L; < 1, draw a random number x € [0,1]
(Fig. 2a) and the power amplitude (Fig. 2b) are shown for the GPS station FRAE in the UK. For the from a uniform distribution. If L;,;/L; <x, do not

The parameters that better fit the data are same station, Fig. 2c. shows how 2D histograms help to detect cross-correlations (for that case take the step, i.e. keep the previous parameter
estimated between coloured and white noise power amplitudes). value as part of the chain and return to step 2. If
by computing the maximum of the likelihood: Liy1/L; > x, take the step, i.e. do asin 4.

) e I . ) Figure 2. Histograms for

0 = arg max|L] ] e . e I spectral index (a), the power Rule 4 leads the Markov chain towards the

j amplitude (b) and 2D maximum of the Likeilihood (and the a posteriori

Very often there is no closed-form formula for the . Histogram (c) for coloured distribution) . In order to get a sample of it we
Likelihood function and numerical computation is ' noise (a,,;) and white noise allow the chain to explore the region around the
needed. (b) | ;- " (0,yn) amplitudes ) for GPS maximum by including rule 5. Thus, once a sample
For that purpose CATS has been developed | , ! station FRAE. of P(8|y) is obtained, we proceed to estimate the
(Williams 2008).. ] ’ : parameters by means of Monte Carlo integration.

Methodoloqgy: Preliminary results:

Opi,McMC — Opl,CATS

For all stations we have considered the Up coordinate | | | | Figure 3. o _ g +100%
only. Fig. 3 shows the differences between the estimates obtained from Differences of MEMC - CATS OplLCATS
We have estimated the following parameters: CATS and MCMC for the sp_ectral ir_ldex (Fig. 3a), the relative spectral index
+ The spectral index a. dn‘fe_rence_s for the power amp_lltude_(Flg. 3b), the rate of the GPS estimates (a),
+ The power amplitude for the colored noise a,;, and station (Fig. 3c) and its uncertainty (Fig. 3d). relative
the white noise o,,,,. _ _ _ difference of
. The rate v. Fig. 3a shows that the MCMC estimate for the spectral index power
. The intercept estimate is higher than that provided by CATS_ for all GPS stations amplitude (b),
As all time series are at least eight years in length, we but MAS1. Note that for DRAO the large difference stems from rate (c) and
do not model any periodic terms, as the effect on the CATS absorblng_ thg white noise compor_lent iInto the power-law rate Vreme — Vears _ OoMemMc = Oncats oo
rate estimates is negligible (Blewitt and Lavallee, noise, thereby yielding a lower spectral index for the power-law uncertainty. vearsl 00T oy cars
2002; Bos et al., 2010). noise. s —] m———————
The estimate for the parameter 6, is obtained by | | o il B @
Monte Carlo integration, i.e. Fig. 3b shows that the power amplitude for the coloured noise is also
) M g higher than the counterpart provided by CATS. Namely, the relative 0
0; = jP(Hly) 0; do = t";[ o difference of the power amplitude for DRAO is around 40%. Figs. 3a <
and 3b suggest that the larger the difference in the spectral index
where the sum is along the Markov chain and M estimates, the larger the difference in the power amplitude estimates.
stands for its length. Figure 4. Time series of the
Although not shown, the rate estimates agree on the sub-millimetre Up coordinate for GPS o BELLELr we |
The noise analysis per year level with the largest rate difference of 0.9 mmi/yr for 11SC. station lIGS (a) and GUAT (b) et iidfeie v
Fig. 3c shows that the range for the relative difference in the rate with the linear fit models = S ek 0N i,
Following Zhang et al. (1997) and Williams (2004, estimates is quite large, going from 0.3% (MAS1) to 227% (lISC) and from CATS (green) and &
2008) , we have considered the covariance of the signal 230% (GUAT). Note that the absolute rate difference for GUAT is 0.3 MCMC (red). The vertical
to be a combination of white noise and coloured noise mm/yr. For DRAO, the station for which CATS absorbs the white black line marks at epoch
(a.k.a. power-law noise) noise into the coloured noise component, the estimated rate 2008.6 the offset.

according to MCMC is 60% larger than the one obtained with CATS.

Cov = oyl + oy LL _ _ _ L . - . . .
Fig. 3d clearly shows that absorbing the white noise into the coloured noise component within the time series leads to an underestimated

rate uncertainty. Indeed, for DRAQO, the uncertainty computed by MCMC is almost 160% higher. In Fig. 3d the rate uncertainties for GUAT
and IISC estimated by CATS are clearly larger (>200%) than those from MCMC. These differences between the MCMC and CATS
estimates in GUAT and IISC stem from, firstly, the fact that their time series show non-linear behaviour (Fig. 4a), and secondly, from
Inadequate modelling of the time series (i.e. not accounting for offsets) (Fig. 4b). For [ISC, according to CATS, the rate is -0.38 mml/yr,

Where o,,,, and a,,, are the power amplitudes for the

white noise and the power law noise, respectively; I is
the identity matrix and L is a lower triangular matrix in

the form of: . . . . . .
whereas, from MCMC, it is 0.42 mm/yr (Fig. 4a). Fig. 4b shows how an offset (vertical black line at epoch 2008.6), that was not taken into
(= +a/2+1) account, leads to a discrepancy between the rate estimates. Based on these preliminary results, the MCMC and CATS methods agree very
— WV(i—j)=0 well for time series with linear behaviour and when correctly modelled.
Lij = 4 (l —])' (a/Z — 1)'
\ 0,v(i —]) <0
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Conclusions

The preliminary results of this study suggest:

1. MCMC and CATS generally give rate estimates that are in good agreement at the sub-millimetre per year
level.

2. Compared to MCMC, CATS underestimates the spectral indices and the coloured power amplitudes for
all the stations but MAS1.

3. For DRAO, for which the white noise component was absorbed into the coloured noise component by
CATS, MCMC provides larger rate uncertainties.

4. The biggest disagreements between both methods stem from cases where time series showed non-linear

behaviour (IISC) or were mis-modelled (GUAT).
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